■ INTRODUCTION
Solid-state batteries that utilize a solid-state ionic conductor rather than a liquid electrolyte have great potential to provide safe and more energy dense batteries than today's Li-ion and Na-ion batteries. 1 The development of novel solid-state alkali ionic conductors has proceeded rapidly. The search for new inorganic ionic conductors is largely motivated by the need for high-ionic conductivities at room temperature (RT). A few recently discovered Li solid-state ionic conductors (e.g., Li 10 GeP 2 S 12 and Li 7 P 3 S 11 ) have superhigh ionic conductivities of over 10 mS cm −1 at RT, rivalling the performance of widely used organic liquid electrolytes. 2, 3 The discovery of Na ionic conductors predates the high-conductivity materials used for Li (e.g., β-and β″-aluminas and NASICON), 4, 5 but so far the use of Na ionic conductors has been limited due to the hightemperature sintering requirement, the relatively low ionic conductivity, or the limited electrochemical stability window. Multiple Na sulfides and selenides 6−10 (e.g., Na 3 PS 4 , Na 3 PSe 4 , Na 3 SbS 4 , and Na 10 SnP 2 S 12 ) have recently been found to have high ionic conductivities of over 0.1 mS cm −1 . These sulfides and selenides can also form dense pellets without hightemperature sintering, rendering a great advantage in materials processing. However, the Na-ion conductivities of these conductors are still quite limited and significantly lower than that of the liquid electrolytes, limiting their use in practical solid-state batteries.
Computational studies have played an important role in recent research of solid-state ionic conductors by providing insight into fundamental mechanisms that are not otherwise accessible and by predicting new ionic conductors with superior properties. First-principles computational techniques, such as density functional theory (DFT) calculations and ab initio molecular dynamics (AIMD) simulations, have proven to be quite accurate for predicting materials properties of highperformance lithium and sodium ionic conductors such as phase stability, 10, 11 chemical and electrochemical stability, 12, 13 hydrolysis stability, 14, 15 mechanical properties, 16 and activation energy and ionic conductivity. 17−20 This predictive capability allows new materials to be screened before experimental synthesis. Examples include the computational prediction 10, 11 and follow-up experimental confirmations of Li 10 By investigation into the structural factors responsible for high Li-ion conductivity, we recently demonstrated that an underlying body-centered-cubic (bcc)-like anion framework, which allows direct Li migration between adjacent tetrahedral sites, is desirable for achieving high ionic conductivity. 24 Indeed, this anion arrangement is present in quite a few known superionic Li-conducting materials including the Li 10 MP 2 S 12 family (M = Ge, Si, and Sn) and Li 7 P 3 S 11 . The bcc structural descriptor was also found to be applicable for Naion systems, 24 motivating our search for new Na ionic conductors with a bcc-type anion framework.
In this work, we apply well-developed first-principles computational techniques to search for new Na ionic conducting materials based on the bcc-type superionic conductor Li 7 P 3 S 11 . Of all the considered chemical substitutions on the Li 7 P 3 S 11 framework to form A 7 P 3 X 11 (A = Li, Na; X = O, S, Se), molecular dynamics simulations predict large Na ionic conductivities of over 10 mS cm −1 in the Na substituted compounds Na 7 P 3 S 11 and Na 7 P 3 Se 11 at RT. Our DFT calculations clarify the competing roles of the anion and immobile cation host frameworks with regard to alkali ion migration. A detailed analysis of the Na energy landscape in the predicted compounds explains why the oxide version, Na 7 P 3 O 11 , is predicted to have lower conductivity than Na 7 P 3 S 11 and Na 7 P 3 Se 11 . Moreover, we investigate the thermodynamic stability of these ionic conductors through a detailed analysis of the computational phase diagrams including finite-temperature effects by phonon free energy calculations and suggest possible routes to synthesize the predicted sodium conductors.
■ METHODS
DFT Structural Optimization and Total-Energy Calculations. First-principles calculations were performed using density functional theory as implemented in the plane-wave-basis-set Vienna ab initio simulation package 25 (VASP). Projector augmented wave potentials with kinetic energy cutoff of 520 eV were employed in all structural optimizations and total-energy calculations, and the exchange and correlation functionals were described within Perdew−Burke− Ernzerhof generalized gradient approximation (GGA-PBE). 26 A kpoint density of at least 500 per number of atoms in the unit cell was used in all calculations.
Crystal Structure Framework Matching. A structural matching algorithm implemented in the python materials genomics (pymatgen) package 27 was used to evaluate how well the anion sublattice of a compound maps onto a bcc framework, as in our previous study 24 for ionic conductors Li 10 GeP 2 S 12 and Li 7 P 3 S 11 . The algorithm finds possible affine mappings which can transform the anion lattice exactly onto lattice points belonging to the perfect bcc lattice and chooses the mapping with the minimal root-mean-square (rms) distance between the atom positions in the two lattices. Only affine transformations preserving the bcc supercell lattice angles to within 5°and supercell lattice vector lengths to within 20% are considered, and the maximum allowed rms distance is set to be 0.4(V/n) 1/3 , where V/n is the normalized volume by number of atoms. The structural matching results are visualized using VESTA. 28 Na-Ion Diffusivity and Conductivity Calculations. The ionic diffusivity and conductivity in the predicted materials are calculated using ab initio molecular dynamics (AIMD) based on DFT. The simulations are performed on the canonical ensemble with a time step of 2 fs, and the temperature was initialized at 100 K and elevated to the appropriate temperature (600, 720, 900, 1200, and 1500 K) with simulations lasting 200 ps for statistical analysis. Each supercell consists of four formula units (84 atoms). A γ-point-only sampling of k-space and a lower but sufficient plane-wave energy cutoff than for the structural optimization calculation was used (400, 280, and 270 eV for oxides, sulfides, and selenides, respectively). The Na diffusivity was calculated from atomic trajectories, and the activation energy and extrapolation to room-temperature diffusivity were obtained assuming Arrhenius behavior. Details of the simulation process can be found in previous work. ) bcc/fcc lattices were calculated using the nudged elastic band method 29 (NEB) in a large supercell comprising 3 × 3 × 3 conventional unit cells to minimize the interaction between the periodic images. A 2 × 2 × 2 k-point grid and kinetic energy cutoff of 520 eV were used for all NEB calculations. The supercells containing excess electrons were compensated for by a uniform background charge. The anion lattice was fixed, and only the migrating Na ion was allowed to relax.
Phase Stability Analysis. Thermodynamic stability was evaluated using calculated DFT total energies. The stability of any phase was evaluated by comparing its energy to linear combinations of the energy of other phases (leading to the same composition) using the convex hull construction. The stability analysis was performed vs all compounds present in the Inorganic Crystal Structure Database (ICSD) 30 plus our internal database of new compounds generated with data-mined substitution rules. 31 The stability was quantified by evaluating the energy above the hull, which represents the magnitude of a compound's decomposition energy. The value of the energy above the hull is non-negative and measures the thermodynamic driving force for the compound to decompose into a set of alternate phases.
Considering the significant overestimation of the binding energy of ground-state sulfur and selenium by the GGA-PBE functional, we have followed previous approaches 32, 33 and applied constant energy corrections of −0.66 eV per S atom and −0.51 eV per Se atom in the phase stability analysis for sulfides and selenides, respectively. These correction energies, which correct for both the overbinding and the incomplete cancellation of self-interaction error in decomposition reactions which involve charge transfer between ions (such as oxidation of S 2− to S), were estimated by comparing the DFT and experimental formation energies for main group sulfides (same as ref 33) and selenides. 34 The effect of phonons on the finite-temperature phase stability is calculated using the VASP implementation of density functional perturbation theory (DFPT) and the PHONOPY software package. 35 Thermodynamic quantities such as the Gibbs free energy and vibrational entropy were computed from the phonon spectrum. The phonon calculations were performed for all predicted new phases as well as their possible decomposition products in orthorhombic supercells with lattice vectors as close as possible to 20 Å. Table 1 . Crystal Structural Parameters for DFT Calculated Li 7 P 3 X 11 and Na 7 P 3 X 11 (X = O, S, and Se) a lattice parameters ■ RESULTS AND DISCUSSION Crystal Structure. In the reported experimental crystal structure of Li 7 P 3 S 11 or Li 7 (PS 4 )(P 2 S 7 ), both PS 4 3− thiophosphate and P 2 S 7 4− pyro-thiophosphate (two PS 4 tetrahedra share one corner S atom) groups are present, with Li atoms filling the substantially distorted tetrahedral cavities formed by the S anions. 36 This structure was adopted as the starting crystal structure for the optimization of Li 7 P 3 X 11 (X = O, Se) and Na 7 P 3 X 11 (X = O, S, Se) via chemical substitutions of Li with Na and S with O or Se. The optimized lattice parameters are listed in Table 1 . The predicted structural parameters of these chemically substituted compounds obtained from DFT optimizations are very similar to that of Li 7 P 3 S 11 (triclinic centrosymmetric space group P1̅ ). The unit-cell volumes of the lithium and sodium oxide compounds are 47−50% smaller than the corresponding sulfide compounds, while the selenium versions have 16−17% larger volumes than the corresponding sulfide compound. These differences are due to the anionic radii difference among O , consistent with the findings in a previous study of the Li 10 GeP 2 S 12 family. 11 The volumes of sodium compounds are around 22−30% larger than the lithium counterparts, due to the larger ionic radii of Na + (115 pm) compared to Li + (90 pm). Using a structure matching algorithm, 24 we confirmed that all calculated Li 7 P 3 X 11 (X = O, Se) and Na 7 P 3 X 11 (X = S, O and Se) structures have a bcc-like anion framework. The mapping of anion sublattice of Na 7 P 3 S 11 to a bcc lattice is given as an example shown in Figure 1 .
Ionic Diffusivity and Conductivity. AIMD simulations were performed for all Li 7 P 3 X 11 and Na 7 P 3 X 11 (X = O, S, Se) materials. For the sulfides and selenides, diffusion calculations are performed at temperatures between 600 and 1200 K without melting of the crystal structure. For the oxides, calculations are performed at relatively higher temperatures (720−1500 K) due to the low ionic diffusivities obtained from poor trajectory samplings below 720 K. The calculated ionic diffusivities are shown in the Arrhenius plots in Figure 2 . The activation energies obtained from the Arrhenius plots and the extrapolated room-temperature conductivities are summarized in Table. 2.
We find that the calculated ionic diffusivities in the Na 7 P 3 X 11 compounds are slightly lower than in the Li counterparts, and the corresponding activation energies for Na conductors are slightly larger. Nonetheless, the difference in alkali-ion conductivity between Li 7 P 3 X 11 and Na 7 P 3 X 11 compounds for a given type of anions is relatively small especially in the cases of sulfides and selenides; e.g., the activation energies for Li 7 P 3 S 11 and Na 7 P 3 S 11 are 0.191 and 0.217 eV, respectively. However, the calculated diffusivities are strongly dependent on the anion for both Li 7 P 3 X 11 and Na 7 P 3 X 11 . The extrapolated RT conductivity increases by several orders of magnitude as one moves from an oxide to a sulfide or selenide, despite the structures all having very similar bcc-type anion lattice. For both Li and Na cases, little gain in diffusivity is achieved when going from sulfide to selenide. This behavior of diffusivity with anion substitution in Li 7 P 3 X 11 and Na 7 P 3 X 11 is also similar to the findings for Li 10 GeP 2 X 12 compounds as X changes from O to S and Se by Ong et al.
11
Na Diffusion Pathway and Energy Landscape in Na 7 P 3 X 11 . To better understand why the anion substitution has such an effect on the ionic conductivity of Na 7 P 3 X 11 , we analyze the Na diffusion pathways by calculating the ionic probability densities obtained from AIMD simulations, and the Na energy landscape by calculating the Na site energies within the crystal structures. The results are shown in Figure 3 , with the Na sites classified in the same way as the Li sites in the experimentally determined crystal structure of Li 7 P 3 S 11 from ref 36 . The site energy at each site i is defined as the negative of the vacancy energy referenced to the average vacancy energy:
, where E vacancy i is the total energy of the Figure 1 . (a) Calculated crystal structure of Na 7 P 3 S 11 and (b) mapping of the sulfur sublattice to a bcc framework in Na 7 P 3 S 11 using the structural matching algorithm. S atom, PS 4 tetrahedra, and the matching bcc lattice are colored yellow, purple, and red, respectively. The Na sites in panel a are numbered in the same way as the Li sites in Arrhenius plots of calculated Li and Na diffusivities in Li 7 P 3 X 11 and Na 7 P 3 X 11 (X = O, S, Se). The lines are least-squares fits to the diffusivity data at 600, 720, 900, and 1200 K for sulfides and selenides. For oxides the simulations are performed at 720, 900, 1200, and 1500 K. unit cell containing a Na vacancy at the site, and n is the total number of Na sites in the structure. The probability density analysis on the distribution of Na ions demonstrates that the ionic conduction in Na 7 P 3 S 11 and Na 7 P 3 Se 11 occurs through a three-dimensional diffusion network connecting all seven distinct crystallographic sites (Figure 3, left panels) , very similar to the case of Li 7 P 3 S 11 (see refs 18 and 24). The evenly distributed probability densities indicate that Na ions have a relatively flat energy landscape along the channels, which can also be seen from the calculated Na site energies ( Figure 3 , right panels) in Na 7 P 3 S 11 and Na 7 P 3 Se 11 . Our Na site energies of Na 7 P 3 S 11 are in good agreement with the calculated Li vacancy energies of Li 7 P 3 S 11 at the corresponding sites by Holzwarth et al. 37 In contrast, the Na probability densities in Na 7 P 3 O 11 are mostly isolated as shown in Figure 3 . Na diffusion is mainly through the adjacent Na2 and Na3 sites in Na 7 P 3 O 11 , as the two sites are very close in energy. The site energy difference between adjacent Na sites for ionic migration is usually a lower bound for the activation energy, as additional energy is often required to migrate between two sites, even if they have similar energy. 24 In the case of Na 7 P 3 O 11 , the site energy changes along the diffusion path connected by adjacent Na site pairs (e.g., Na1−Na2, Na3−Na4, and Na4−Na7) are much larger than Na 7 P 3 S 11 and Na 7 P 3 Se 11 . This indicates a greater activation energy in Na 7 P 3 O 11 than in the other compounds, which agrees well with the results from the AIMD simulations.
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For all three cases, the two Na sites between two P 2 X 7 4− ditetrahedra units, Na5 and Na6, have higher energy than the other sites surrounding the single PX 4 3− tetrahedron (Na1, Na2, Na3, Na4, and Na7). The higher site energies at Na5 and Na6 are likely due to stronger Columbic repulsion from the adjacent P 5+ cations in the P 2 X 7 4− ditetrahedra units. Although the anion frameworks are almost identical in the three cases, oxygen is less polarizable than sulfur and selenium and the distance between Na + and P 5+ are much shorter in Na 7 P 3 O 11 than in the sulfide and selenide structures. Therefore, stronger interactions between the cations result in greater Na site energy variations in the Na 7 P 3 O 11 energy landscape. Figure 3 . Calculated Na-ion probability densities (left) and Na site energies (right) in Na 7 P 3 X 11 (X = O, S, and Se). The probability densities of Na ions are obtained from ab initio molecular dynamics simulations at 900 K with 200 ps, and the isosurfaces are plotted at isovalues of 2P 0 where P 0 is defined as the mean value of the density. The Na site energy at each site is defined as the negative energy of a Na-ion vacancy referenced to the average of all site energies (see text for the formulation). Phase Stability. In Table 3 we show the 0 K phase equilibria and decomposition energies calculated from the Li(Na)−P−X (X = O, S, and Se) ternary phase diagrams constructed from DFT formation energies. It is known that the experimentally discovered Li 7 P 3 S 11 is a high-temperature crystalline phase which can be precipitated from the Li 2 S− P 2 S 5 glasses. 36, 38 Consistent with previous computational studies, 17, 18, 37 Li 7 P 3 S 11 is calculated to be a metastable phase at low temperature with a driving force to decompose to lower energy compounds such as Li 3 PS 4 and Li 4 P 2 S 6 .
Similar to Li 7 P 3 S 11 , we find the calculated Li 7 P 3 X 11 (X = O, and Se) and Na 7 P 3 X 11 (X = O, S, and e) all to be metastable at 0 K. In general, the oxides are predicted to have a relatively higher driving force for decomposition than the corresponding sulfides and selenides, due to the high intrinsic stability of the competing decomposition products A 3 PO 4 and A 4 P 2 O 7 (A = Li or Na). For the sulfides and selenides, the predicted phase equilibria depend on the S/Se chemical potential, i.e., whether we apply sulfur/selenium energy corrections to the DFT energies (see Methods). Nonetheless, the sulfides are likely to decompose to more stable ternary sulfides such as Li 3 PS 4 or Na 3 PS 4 , and the selenide breakdown would consist of more stable Li 3 PSe 4 or Na 3 PSe 4 with other ternaries or binaries to balance the composition.
To evaluate the stability of Li 7 P 3 X 11 and Na 7 P 3 X 11 at finite temperature, we also consider the vibrational entropy contributions to the thermodynamic stability. Figure 4 shows the calculated temperature-dependent Gibbs free energy of Li 7 P 3 X 11 and Na 7 P 3 X 11 referenced to the predicted decomposition products from Table 3 . The effect of phonon stabilization is found to be more profound in the case of Li 7 P 3 S 11 than for the other compounds. At a temperature above 730 K the phonon contribution of over 0.26 eV/f.u. to the total free energy is able to stabilize the phase of Li 7 P 3 S 11 against decomposition, and this transition temperature is close to the findings by Ong et al. (630 K from computations and 553 K from experiments). 18 However, the calculated phonon free energies indicate that none of the other compounds could be thermodynamically stable even at 1000K. The phonon free energies in the Na compounds are especially small, likely due to comparable phonon contribution in the decomposed Na 3 PX 4 (X = O, S, and Se) with their highly mobile Na sublattice. 7, 39 ■ DISCUSSION Ionic Conductivity of bcc-Type Oxide vs Sulfide. The predicted Na-ion conductors are additions to the growing family of alkali ionic conductors with a bcc anion framework and exceptionally high ionic conductivity. 10, 24, 40 The RT conductivities predicted, 10.97 mS cm −1 for Na 7 P 3 S 11 and 12.56 mS cm −1 for Na 7 P 3 Se 11 , are significantly higher than that of any known solid Na-ion sulfide or selenide conductor. The predicted ionic conductivity in Na 7 P 3 O 11 is, however, much lower than the other two compounds with similar structures, consistent with a previous study 11 that oxygen substituted Li 10 GeP 2 O 12 has much lower conductivity as compared to Li 10 GeP 2 S 12 .
Based on the bcc anion backbone alone, the predicted low ionic conductivity seen in Na 7 P 3 O 11 simulations is an anomaly. High ionic conductivity requires a flat energy landscape with sites at equivalent energy along the migration pathway, and a bcc anion lattice can provide such low activation energy crystallographic backbone. 24 The bcc descriptor explains very well the superionic behavior in Li sulfide ionic conductors such as Li 10 XP 2 S 12 (X = Ge, Sn, and Si) and Li 7 P 3 S 11 . Sodium ions behave similarly in both ideal bcc (fcc) O 2− and S 2− lattices, as shown in Figure 5 , where the calculated energy barrier for the Na migration in a bare bcc anion lattice (Figure 5a ) is significantly lower than that in a fcc anion lattice (Figure 5b) . Comparison between the AIMD activation energies for Na 7 P 3 S 11 and Na 10 XP 2 S 12 (M = Si, Ge, and Sn) 10 with the Na migration barriers estimated from the bare bcc S 2− host indicates that these conductors are close to ideal at a given volume. In contrast with the sulfides, however, we find a large difference between the AIMD calculated activation energy of Na 7 P 3 O 11 (0.54 eV) and the activation barrier for Na ion migration in the empty bcc O 2− lattice (0.30 eV) at the same volume, indicating that the arrangement of the P 5+ cations in Na 7 P 3 O 11 perturbs the Na energy landscape in an unfavorable way. The interactions between the Na and non-Na cations, P 5+ , though small in sulfides and selenides, play a large role in the relatively smaller anion lattice of O 2− in Na 7 P 3 O 11 , nearly doubling the activation energy from that of the bare O 2− lattice. As the positions of these non-Na cations are often not evenly distributed in the lattice, such effects inevitably result in a corrugated Na energy landscape. This is demonstrated by the comparison of calculated site energies in Na 7 P 3 O 11 and Na 7 P 3 S 11 where we clearly find the Na energy landscape is much more affected by the arrangement of P 5+ cations in the oxide than that of the sulfide.
Although we predict higher ionic conductivities in the sulfide and selenides, it is expected that the oxides would have better electrochemical stability than the sulfides and selenides. Such a trend has been confirmed in previous theoretical and experimental studies in similar compositions such as Li 3 PO 4 / Li 3 PS 4 (see ref 12) and Na 3 PS 4 /Na 3 PSe 4 (see ref 41) . The interfacial stability of the predicted Na 7 P 3 X 11 (X = O, S, and Se) conductors and their compatibility against various battery electrodes are worth further investigation.
Synthesizability of the Predicted Na Ionic Conductors. Although the predicted Na ionic conductors Na 7 P 3 X 11 (X = O or S) have similar phase stability as Li 7 P 3 S 11 with comparable driving force for decomposition at 0 K, our thermodynamic analysis from phase diagrams and phonon free energy calculations indicates that these sodium compounds may not be thermodynamically stable even at elevated temperatures as high as 1000 K. Unlike Li 7 P 3 S 11 which is found to have a relatively large vibrational entropy and can therefore be stable at an elevated temperature, the sodium counterparts all suffer from relatively lower entropic free energy contribution as compared to the predicted decomposition products such as Na 3 PX 4 (X = O or S). This indicates that it may be more difficult to synthesize the predicted Na compounds by the same thermal-treatment method used for the synthesis of Li 7 P 3 S 11 . Our theoretical analysis of the possible competing phases for Na 7 P 3 S 11 matches very well with the findings from a recent experimental study by Houtarde et al., which attempted to synthesize Na 7 P 3 S 11 by heat-treatment and quenching of 70−30 Na 2 S−P 2 S 5 with high temperature up to 773 K, and only Na 3 PS 4 and Na 4 P 2 S 7 were found after the synthesis. 42 It may be possible to improve the phase stability and the chance of synthesizability of the predicted Na 3 PX 4 (X = O or S) compounds by adding site disorder through doping of the anion sites therefore increase the entropic contributions. Similar to the recently discovered oxysulfides in the Li 10 GeP 2 S 12 family, 43 solid solutions may be formed among the Na 7 P 3 O 11 , Na 7 P 3 S 11 and Na 7 P 3 Se 11 as the three compounds have very similar crystalline structures, providing an avenue to fine-tune phase stability and ionic conductivity. Li/Na ion exchange could be another possible method to obtain Na 7 P 3 S 11 from the Li phase Li 7 P 3 S 11 , which has been successfully applied to synthesize novel cathode materials. 44−46 The DFT calculated enthalpy of formation for the solid-state reaction of Li 7 P 3 S 11 + NaF → Na 7 P 3 S 11 + LiF is −2.05 eV (−197 kJ mol −1 ) which indicates the possibility of such ion exchange reaction.
■ CONCLUSIONS
By using first-principles calculations, we have evaluated the possible derivatives of the known lithium ionic conductor Li 7 P 3 S 11 and predicted a class of new sodium ionic conductors Na 7 P 3 X 11 (X = O, S, and Se). The predicted Na-containing compounds have extraordinarily high ionic conductivity at RT, exceeding the performance of currently known Na-ion solidstate conductors. We hope this study stimulates further experimental exploration in the predicted chemistry for better ionic conductors. 30 T−T and T− O−T refer to the two pathways connecting tetrahedral sites in bcc and fcc lattices, respectively. 24 Solid and dotted lines are guides to the eye. Activation energies calculated for bcc-type conductors Na 7 P 3 X 11 (X = O or S) in this work and Na 10 
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